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A unification of dark matter and dark energy in terms of a logotropic perfect dark fluid has
recently been proposed, where deviations with respect to the standard ΛCDM model are dependent
on a single parameter B. In this paper we show that the requirement that the linear growth of
cosmic structures on comoving scales larger than 8h−1 Mpc is not significantly affected with respect
to the standard ΛCDM result provides the strongest constraint to date on the model (B < 6×10−7),
an improvement of more than three orders of magnitude over previous constraints on the value of
B. We further show that this constraint rules out the logotropic Unified Dark Energy model as a
possible solution to the small scale problems of the ΛCDM model, including the cusp problem of
Dark Matter halos or the missing satellite problem, as well as the original version of the model where
the Planck energy density was taken as one of the two parameters characterizing the logotropic dark
fluid.
I. INTRODUCTION
Over the past years increasingly precise cosmologi-
cal observations have been providing solid evidence in
favour of the standard cosmological paradigm, the so-
called ΛCDM model (see, e.g., [1–3]). This model relies
on a cosmological constant to drive the current accel-
eration of the Universe and on the existence of a Cold
Dark Matter (CDM) component to explain the observed
properties of the large scale structures of the Universe.
The standard cosmological paradigm is also based on
the assumptions that the universe is homogeneous and
isotropic on cosmological scales, and that General Rel-
ativity (GR) accurately describes gravitational interac-
tions at the classical level.
Despite its simplicity and some problems in describing
non-linear structures on small scales [4, 5], the ΛCDM
model is in extremely good agreement with the avail-
able cosmological observational data [3]. Still, there is
presently no satisfactory explanation for the tiny en-
ergy density associated to the cosmological constant [6].
Hence, dynamical Dark Energy (DE) and modified grav-
ity models need to be taken into consideration in the
search for a fundamental explanation for the accelera-
tion of the Universe, both at early and late cosmological
times [7–11].
An interesting class of dynamical DE models, dubbed
Unified Dark Energy (UDE) models, considers DE and
DM as different manifestations of the same underlying
fluid, often assumed to be a perfect fluid (see, e.g., [12–
14]). Regardless of the particular parameterizations of
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the Equation of state (EoS) parameter, the UDE fluid
behaves as DM at early times and as DE at late times,
and typically has a relatively large sound speed at late
times.
The logotropic UDE model [15, 16] has recently been
proposed as a viable alternative to the ΛCDM model.
In particular, it has been suggested that the small scale
problems of the ΛCDM model, including the missing
satellite problem [4] and the cuspy halo problem [5],
would be absent in the logotropic UDE model. Here,
we shall re-examine this proposal, determining the most
stringent constraint to date on the logotropic UDE model
and discussing the implications of our results to its sug-
gested role as a viable way out to the small scale problems
of the standard cosmological model.
Throughout this paper we use units such that c = 1,
where c is the value of the speed of light in vacuum.
II. LOGOTROPIC UDE FLUID
Let us start by considering a perfect dark fluid model
with an EoS of the form p = p (n), where p is the pressure
and n is the particle number density in the comoving free
falling frame. Assuming adiabaticity and conservation of
the particle number N , one may express the local form
of the first law of thermodynamics as
dU + pdV ∝ d
( ρ
n
)
+ pd
(
1
n
)
= 0, (1)
where U = ρV is the internal energy and V = N/n is the
physical volume.
2Integrating Eq. (1) one obtains
ρ
n
=
∫ n
p (n′)
dn′
n′2
+m⇔
⇔ ρ = nm+ n
∫ n p (n′)
n′2
dn′ = n+ u (n) .
(2)
The integration constant is such that ρ = nm if p =
0, where m may be identified as the rest mass of the
particles, that we shall take as our unit of mass (i.e.,
m = 1). The first term n is characteristic of matter (i.e.
a pressureless fluid) while the second term u(n) shall be
used to model DE effects.
Let us assume that the universe is composed by a single
UDE fluid where the logotropic EoS is given by
p = A ln
(
n
n∗
)
, (3)
n∗ being a reference number density. By appropriately
choosing A and n∗ the pressure can be tuned to be as
close to any given constant as one desires, thus implying
that the parameters of the model can be adjusted so that
it becomes as close to the ΛCDM model as intended.
Equations (2) and (3) imply that the energy density is
given by
ρ = n−A ln
(
n
n∗
)
−A . (4)
The minimum energy density
ρmin = −A ln
(
A
n∗
)
(5)
is attained for n = A > 0 (note that if n = A then
dρ/dn = 0, d2ρ/dn2 = A/n2 > 0 and p = −ρ).
The relation between the pressure p and the energy
density ρ may be written as
ρ = n∗ exp
( p
A
)
− p−A , (6)
or, alternatively, as
p = −AWm [f(ρ)]− ρ−A , (7)
where
f(ρ) = −
n∗
A
exp
(
−
ρ
A
− 1
)
, (8)
Wm is the Lambert W function and the subscript m =
0,−1 refers to the two real branches of this multivalued
function (note that f < 0 has a minimum equal to −1/e
for ρ = ρmin and that Wm(−1/e) = −1). In the relevant
regime, −1/e ≤ x < 0, the Lambert W function has
two possible branches, W0 (x) > −1 (usually called the
principal branch) and W−1 (x) < −1. Hence, there is a
clear physical interpretation of the two real branches of
the W Lambert function. The branch W−1 corresponds
to a standard evolution of the energy density (dρ/dn > 0)
and W0 to a phantom regime (dρ/dn < 0).
The sound speed squared is given by
c2s ≡
dp
dρ
= − [1 + f(ρ) exp (−Wm [f(ρ)])]
−1 , (9)
which is positive in the W−1 branch, negative in the W0
branch and divergent at ρ = ρmin (f(ρmin) = −1/e).
In the matter era n ∼ ρ and, consequently,
p = A ln
(
ρ
n∗
)
, (10)
and
c2s =
A
ρ
, (11)
to a good approximation.
III. LOGOTROPIC COSMOLOGY
In this section we shall consider a flat homogeneous
and isotropic universe made up entirely of a logotropic
perfect dark fluid of density ρ and pressure p. Energy-
momentum conservation implies that
ρ˙+ 3H (ρ+ p) = 0 , (12)
where H = a˙/a is the Hubble function, a is the scale
factor normalized to unit at the present time (i.e. a0 =
1), and a dot represent a derivative with respect to the
physical time.
Equation (4) may be written as
ρ = ρm + ρde , (13)
where
ρm = n (14)
and
ρde = −A ln
(
n
n∗
)
−A (15)
are identified as the matter and DE components, respec-
tively. Taking into account that n = n0a
−3, it is straight-
forward to show that
ρm
ρ0
=
ρm0
ρ0
a−3 = Ωm0a
−3 , (16)
ρde
ρ0
=
ρde0
ρ0
+ 3
A
ρ0
ln a = Ωde0 + 3
A
ρ0
ln a , (17)
where the subscript ‘0’ again refers to the present time.
The Friedmann equation
H2 =
8piG
3
ρ (18)
3may therefore be written as
H2 = H20
[
Ωm0a
−3 +Ωde0 (1 + 3B ln a)
]
, (19)
where
B =
A
ρde0
. (20)
Hence, in the B → 0 limit the logotropic UDE model
approaches the ΛCDM model.
The value of the scale factor at the transition between
the normal and the phantom regime (when ρ = ρmin) is
given by
a(ρ = ρmin) =
(
Ωm0
BΩde0
)1/3
. (21)
For B < Ωm0/Ωde0 this transition only happens in the
future, and, as expected, it never occurs in the B → 0
limit.
Although baryons have not explicitly been taken into
account in the present section, their inclusion in the def-
inition of the matter density is straightforward.
IV. OBSERVATIONAL CONSTRAINTS:
GROWTH OF COSMIC STRUCTURES
Since the model admits a non-zero sound speed, the
growth of linear density perturbations can only occur on
scales larger than the comoving Jeans length, while on
smaller scales pressure gradients give rise to acoustic os-
cillations. Deep into the matter era, the comoving Jeans
length is given approximately by
λcJ = cs (1 + z)
(
pi
Gρ
)1/2
. (22)
Using Eqs. (11) and (20), taking into account that ρde0 =
3H2
0
Ωde0/(8piG) and that, deep into the matter era, ρ ∼
3H20 Ωm0 (1 + z)
3/(8piG), one obtains
λcJ =
(
8pi2B
3
)1/2
H−1
0
Ω−1m0Ω
1/2
de0 (1 + z)
−2 . (23)
By imposing that λcJ < R one obtains the following con-
straint on B
B <
3
8pi2
(RH0)
2Ω2m0Ω
−1
de0 (1 + z)
4 . (24)
If one requires that the linear growth of cosmic structures
on comoving scales larger than 8h−1Mpc is not signifi-
cantly affected with respect to the standard matter era
evolution for z > 1 or, equivalently, by taking z = 1,
R = 8h−1Mpc, H−1
0
= 3 × 103h−1Mpc in Eq. (24) to-
gether with the latest Planck constraints on the values
of the cosmological parameters [3] (Ωm0 = 0.308 with
Ωde0 = 1− Ωm0, h = 0.678), one finally obtains
B < 6× 10−7 . (25)
This constraint on the value of B improves the con-
straints presented in [15, 16] by more than three orders
of magnitude. Also, the upper limit on the value of B is
much smaller than the value (B ∼ 3.5×10−3) required for
the model to play a role as a possible solution to the cusp
problem of DM halos or the missing satellite problem.
V. ROLE OF THE PLANCK DENSITY IN THE
LOGOTROPIC UDE MODEL
The EoS of the logotropic dark fluid has two funda-
mental parameters, A and n∗. The parameter A is equal
to the minimum energy density of the model which, un-
less the parameter B is extremely small, should not dif-
fer by many orders of magnitude from the observation-
ally inferred present value of the dark energy density
(A = Bρde0). On the other hand n∗, with
n∗
ρde0
=
Ωm0
Ωde0
exp
(
1 +
1
B
)
. (26)
is a priori a free energy density parameter which, given
ρde0 and Ωm0, is a function of the dimensionless parame-
ter B alone (we have used Eqs. (14), (15), (16) (17) and
(20) in the derivation of Eq. (26)).
In [15, 16] n∗ has been identified with the Planck den-
sity ρpl. With this identification in place, B is no longer
a free parameter:
B = Bpl =
(
ln
(
Ωde0
Ωm0
ρpl
ρde0
)
− 1
)−1
= 3.5× 10−3 . (27)
However, as shown in the previous section, B must be
smaller than 6 × 10−7 in order that the linear growth
of cosmic structures on comoving scales larger than
8h−1Mpc is not significantly affected with respect to the
standard ΛCDM result, thus implying that a value of B
equal to Bpl is simply ruled out.
In fact the B < 6× 10−7 constraint implies that
log10
(
n∗
ρpl
)
= log10
(
exp
(
1
B
−
1
Bpl
))
> 7× 105 , (28)
thus leading to a value of n∗ which is many orders of
magnitude larger than the Planck density. Such a large
value of the fundamental density of the logotropic fluid
model would be hard to justify at a more fundamental
level.
VI. SMALL SCALE PROBLEMS OF THE ΛCDM
MODEL
In the non-relativistic limit, with n ∼ ρ, c2s ≡ dp/dρ =
A/ρ ≪ 1 and |w| = |p/ρ| ≪ 1, a logotropic sphere in
hydrostatic equilibrium satisfies
1
ρ
dp
dr
=
A
ρ2
dρ
dr
= −
GM
r2
. (29)
4Substituting the ansatz
M(r) ∝ ρr3 ,
dρ
dr
∝
ρ
r
(30)
into Eq. (29), one finds that the surface density of the
logotropic sphere is a constant proportional to B1/2,
ρr ∝
(
A
G
)1/2
=
(
Bρde0
G
)1/2
. (31)
In [15, 16] it was claimed that a constant surface den-
sity of DM halos consistent with observations [17] (see
also [18] for a different perspective) would be obtained if
n∗ = ρpl, or equivalently, B = 3.5× 10
−3. Of course, for
B = 6× 10−7 the estimate of the surface density of DM
halos would decrease by a factor of almost two orders of
magnitude, and the claimed agreement with observations
would be lost. The same also applies to the claim that
the logotropic equation of state with n∗ = ρpl would also
explain the observed Tully-Fisher relation and the mass
of dwarf galaxies, since both of these depend strongly on
the surface density of the DM halos.
Also note that the equilibrium solution presented in
Eq. (31) is unstable, even far away from the singularity at
r = 0. This may be shown by considering the lagrangian
perturbation r → λr, leading to ρ → λ−3ρ, where λ is
a constant smaller than unity (the sphere is contracted).
In this case
1
ρ
dp
dr
=
A
ρ2
dρ
dr
→ λ2
1
ρ
dp
dr
, (32)
−
GM
r2
→ −λ−2
GM
r2
. (33)
Hence, such a perturbation would lead to an increase
of the acceleration due to gravity and a decrease of the
acceleration due to the pressure gradients, thus implying
that the pressure gradients would not be able to stop the
logotropic sphere from further collapse. This shows that
the above hydrostatic logotropic equilibrium solution is
unstable.
If n∗ = ρpl (B = Bpl = 3.5× 10
−3) then the comoving
Jeans length at the start of the matter era is of the same
order of magnitude of the smallest known dark matter
halos. In [15, 16] this has been suggested as a possible
explanation to the minimum observed size of DM halos
in the universe. It was further suggested that this sup-
pression of small scale power could be a way to solve the
missing satellite problem in the context of the logotropic
UDE model. Again, for B = 6 × 10−7 the sound speed
is smaller by almost two orders of magnitude than Bpl
and, therefore, the estimate of the minimum size of dark
matter halos would be smaller by the same amount. This
precludes the logotropic model from providing an expla-
nation for the minimum size of DM halos or a solution
to the missing satellite problem.
VII. CONCLUSIONS
In this paper we derived the most stringent constraint
to date on the recently proposed logotropic UDE model,
improving previous constraints on the parameter B by
more than three orders of magnitude. We have shown
that this constraint rules out the original version of the
logotropic UDE model, showing that the characteristic
density n∗ would have to be more than 7× 10
5 orders of
magnitude larger than the Planck density in order for the
model to be consistent with observations. Furthermore,
we have found that the sound speed of the logotropic dark
fluid is not large enough for it to constitute a viable al-
ternative to the ΛCDM model in the search for a solution
to its problems in describing the structures on small non-
linear scales, including the cusp problem of Dark Matter
halos or the missing satellite problem. Still, although the
main motivation for the logotropic UDE model has been
lost, if the parameter B is small enough it remains an
interesting DE parameterization which may be relevant
when considering small deviations with respect to the
ΛCDM model consistent with the current cosmological
observational data.
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